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Abstract
Two Latin squares of order n are r-orthogonal if their superposition produces exactly r distinct
pairs. It has been proved by Belyavskaya, Colbourn and the present authors that for all n¿ 7,
r-orthogonal Latin squares of order n exist if and only if n6 r6 n2 and r ∈ {n+1; n2−1} with
the possible exception of n=14 and r=n2−3. In this paper, we 9rst construct a self-orthogonal
Latin square of order 14 which contains certain subarrays. Then we use this square to obtain a
pair of (142 − 3)-orthogonal Latin squares of order 14, determining the spectrum completely.
c© 2003 Published by Elsevier Science B.V.
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1. Introduction
Two Latin squares of order n, L= (lij) and M = (mij), are said to be r-orthogonal
if their superposition produces exactly r distinct pairs, that is
|{(‘ij; mij): 06 i; j6 n− 1}|= r:
When r=n2, this well known special case is the ordinary orthogonal Latin squares (see
[4]). For general r, Belyavskaya (see [1–3]) 9rst systematically treated the following
question: For which integers n and r does a pair of r-orthogonal Latin squares of order
n exist? Evidently, n6 r6 n2, and an easy argument establishes that r ∈ {n+1; n2−1}.
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Table 1
Order n Genuine exceptions of r Possible exceptions of r
2 4
3 5, 6, 7
4 7, 10, 11, 13, 14
5 8, 9, 20, 22, 23
6 36, 33
14 n2 − 3
In a paper by Colbourn and Zhu [5], this question has been answered leaving only a few
possible exceptions for r = n2 − 3 and n∈{6; 7; 8; 10; 11; 13; 14; 16; 17; 18; 19; 20; 22; 23;
25; 26}. In a recent paper by the present authors [8], the remaining possible excep-
tions are removed except two orders n = 6; 14. For n = 6, a computer search shows
that r = 33 is a genuine exception. For n = 14, it is still undecided if there exists
a pair of (142 − 3)-orthogonal Latin squares. The known results are summarized in
Table 1.
In this paper, we 9rst construct a self-orthogonal Latin square of order 14 which
contains certain subarrays. Then we use this square to obtain a (142 − 3)-orthogonal
Latin squares of order 14. This determines the spectrum completely.
2. Construction
By a computer search [6], we found a Latin square A of order 14 which is orthogonal
to its transpose A′, where a; b; c; d denote 10,11,12,13, respectively.
A=
0 9 1 8 7 a d 2 b c 6 3 5 4
d 1 9 7 6 0 c b a 2 8 5 4 3
b c 2 d a 7 0 8 1 6 9 4 3 5
a d 4 3 c 6 b 9 0 5 1 7 2 8
9 b 3 6 4 2 7 d c a 5 0 8 1
4 a c 1 d 5 8 6 2 b 3 9 7 0
8 3 5 9 b c 6 a 7 d 4 1 0 2
c 0 b a 5 d 1 7 3 4 2 8 9 6
3 5 d c 1 b a 4 8 0 7 2 6 9
5 8 a b 2 4 3 c d 9 0 6 1 7
2 4 8 0 3 9 5 1 6 7 a c d b
6 7 0 2 9 1 4 3 5 8 d b a c
1 6 7 4 0 8 2 5 9 3 b d c a
7 2 6 5 8 3 9 0 4 1 c a b d
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Note that the square A has a subsquare of order 4 at the bottom right corner. The use
of this subsquare reduces the search signi9cantly. Note also that A contains a subsquare
of order 3 at the upper right corner. Since the order 3 subsquare is symmetric, A and
A′ have, respectively, their subarrays of order 3 at the bottom left corner as follows:
6 7 0
1 6 7
7 2 6
3 5 4
5 4 3
4 3 5
Replace in A′ the order 3 subsquare at the bottom left corner by
4 3 5
3 5 4
5 4 3
and denote the resulting Latin square by B, shown below:
B=
0 d b a 9 4 8 c 3 5 2 6 1 7
9 1 c d b a 3 0 5 8 4 7 6 2
1 9 2 4 3 c 5 b d a 8 0 7 6
8 7 d 3 6 1 9 a c b 0 2 4 5
7 6 a c 4 d b 5 1 2 3 9 0 8
a 0 7 6 2 5 c d b 4 9 1 8 3
d c 0 b 7 8 6 1 a 3 5 4 2 9
2 b 8 9 d 6 a 7 4 c 1 3 5 0
b a 1 0 c 2 7 3 8 d 6 5 9 4
c 2 6 5 a b d 4 0 9 7 8 3 1
6 8 9 1 5 3 4 2 7 0 a d b c
4 3 5 7 0 9 1 8 2 6 c b d a
3 5 4 2 8 7 0 9 6 1 d a c b
5 4 3 8 1 0 2 6 9 7 b c a d
Since A and A′ are orthogonal, the superposition of A and B will produce 142 − 3
ordered pairs. The three missing pairs are:
{0; 4}; {1; 5}; {2; 3}
and the three repeated pairs are:
{0; 5}; {1; 3}; {2; 4}:
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Table 2
Order n Genuine exceptions of r
2 4
3 5, 6, 7
4 7, 10, 11, 13, 14
5 8, 9, 20, 22, 23
6 36, 33
We can now update the known results of Table 1 in the following.
Theorem 2.1. For any integer n¿ 2, there exists a pair of r-orthogonal Latin squares
of order n if and only if n6 r6 n2 and r ∈ {n+ 1; n2 − 1} with the exceptions of n
and r shown in Table 2.
3. Discussions
For n∈{11; 12; 13; 15} we can also list an SOLS(n), from which a pair of
(n2 − 3)-orthogonal Latin squares of order n can be obtained similar to the pair of
A and B in Section 2. This simpli9es the proof of [8], where two squares are listed
for each order.
In the SOLS(n) below, a; b; c; d; e denote 10; 11; 12; 13; 14, respectively.
SOLS(11)
0 8 a 9 2 6 7 1 3 5 4
2 1 8 7 9 0 a 6 5 4 3
8 9 2 1 6 7 0 a 4 3 5
5 a 4 3 7 1 9 8 6 2 0
9 0 1 6 4 a 5 3 2 8 7
a 4 0 8 1 5 3 2 7 6 9
1 3 5 4 a 2 6 0 9 7 8
3 2 9 5 0 4 8 7 a 1 6
6 7 3 0 5 9 1 4 8 a 2
4 6 7 a 3 8 2 5 0 9 1
7 5 6 2 8 3 4 9 1 0 a
SOLS(12)
0 8 1 7 9 2 a b 6 3 5 4
2 1 0 9 a 7 8 6 b 5 4 3
8 9 2 6 7 a b 1 0 4 3 5
9 4 8 3 5 6 7 0 a 2 b 1
1 3 a b 4 8 9 5 7 6 2 0
a b 9 1 3 5 2 8 4 0 6 7
5 0 4 8 b 3 6 9 1 a 7 2
3 2 b a 8 4 5 7 9 1 0 6
b a 5 4 6 0 3 2 8 7 1 9
6 7 3 5 0 b 1 4 2 9 8 a
4 6 7 2 1 9 0 3 5 b a 8
7 5 6 0 2 1 4 a 3 8 9 b
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The missing pairs and the repeated pairs for orders n = 13; 15 are the same as in
Section 2. For the case of n= 11; 12, the bottom left subarray is taken to be
6 7 3
4 6 7
7 5 6
The three missing pairs become {3; 4}; {4; 5}; {5; 3}; and the three repeated pairs
become: {3; 5}; {4; 3}; {5; 4}.
SOLS(13)
0 a 8 c 2 9 7 b 6 1 3 5 4
8 1 9 6 7 c a 0 b 2 5 4 3
c 8 2 a b 6 9 1 0 7 4 3 5
5 c 4 3 a 1 b 9 2 6 7 8 0
a 9 3 5 4 b 2 c 7 8 0 1 6
3 4 b 9 1 5 c 6 a 0 8 7 2
b 3 5 8 9 2 6 a c 4 1 0 7
4 b c 0 3 a 1 7 9 5 2 6 8
9 5 a b c 7 0 4 8 3 6 2 1
2 0 1 7 6 8 5 3 4 9 b c a
6 7 0 2 5 3 4 8 1 c a 9 b
1 6 7 4 8 0 3 2 5 a c b 9
7 2 6 1 0 4 8 5 3 b 9 a c
SOLS(15)
0 c a d 9 6 1 b e 2 8 7 3 5 4
9 1 d 7 c 2 0 a 6 b e 8 5 4 3
c 0 2 6 7 1 9 e a 8 b d 4 3 5
8 9 b 3 5 0 d 4 1 c 7 e 2 a 6
5 b 8 a 4 d 2 6 3 e c 9 1 0 7
2 4 c 9 3 5 e d 0 7 1 6 a b 8
a 5 3 2 b 7 6 8 d 0 4 1 e c 9
4 e 9 1 0 a c 7 5 3 6 2 d 8 b
3 d 4 e 1 c b 2 8 6 0 5 9 7 a
e 3 1 4 6 b a 5 7 9 d 0 8 2 c
b 8 5 0 e 9 3 1 2 4 a c 7 6 d
d a e 5 2 8 7 c 4 1 3 b 6 9 0
6 7 0 8 d 3 4 9 b 5 2 a c e 1
1 6 7 b 8 e 5 3 c a 9 4 0 d 2
7 2 6 c a 4 8 0 9 d 5 3 b 1 e
In a pair of r-orthogonal Latin squares of order n, if the second square is the
transpose of the 9rst square, we say that the 9rst square is r-self-orthogonal, denoted
by r-SOLS(n). When an r-SOLS(n) exists, we can simply list only one square for a
pair of r-orthogonal Latin squares of order n.
For the existence of an r-SOLS(n), we have the necessary condition in Theorem
2.1, i.e., n6 r6 n2 and r ∈ {n+ 1; n2 − 1}. It is well-known that an SOLS(n) exists
if and only if n = 2; 3; 6 (see, for example, [7]). This solves the case of r = n2. For
the case of r = n, we take the square
L= (aij); aij = j − i; i; j∈Zn:
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It is easily seen that L is an n-SOLS(n). So, we can focus on the cases n+1¡r¡n2−1
for the existence of an r-SOLS(n). We have done some experimental computer search
for small orders n= 4; 5; 6; 7 and n+ 1¡r¡n2 − 1.
For order n = 4, there is only one r ∈ [n + 1; n2 − 1], namely r = 9, such that an
r-SOLS(n) exists. We list the 9-SOLS(4) below.
0 1 2 3
2 0 3 1
3 2 1 0
1 3 0 2
For orders n = 5; 6; 7; 8, the known r-SOLS(n)s can be found on the website
http://www.cs.uiowa.edu/∼hzhang/sr/.
For n=5 and n+1¡r¡n2−1, there is an r-SOLS(5) for r ∈{7; 10; 11; 13; 14; 15;
17; 19; 21} only.
For n= 6 and n+ 1¡r¡n2 − 1, there is an r-SOLS(6) for r ∈ [8; 31] only.
For n = 7 and n + 1¡r¡n2 − 1, there is an r-SOLS(7) for all r ∈ [9; 47] − {46}
only.
For n=8 and n+1¡r¡n2 − 1, there is an r-SOLS(8) for all r ∈ [10; 62]−{59}.
In particular, we found an r-SOLS(8) for r = n2 − 3 = 61 as follows.
4 6 0 2 5 7 3 1
0 5 6 3 1 4 7 2
7 1 2 4 6 5 0 3
3 0 7 1 2 6 5 4
2 4 3 0 7 1 6 5
5 2 1 7 0 3 4 6
1 3 5 6 4 0 2 7
6 7 4 5 3 2 1 0
In view of the experimental results for the small orders, we end this section with a
conjecture.
Conjecture 3.1. There is an integer n0 such that for any n¿ n0, there exists an
r-SOLS(n) for any r ∈ [n; n2]− {n+ 1; n2 − 1}.
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